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given prolonged period of time (more than one day) and that for this time horizon, the set of customers to be visited on a daily basis varies. Moreover, assume the company cannot reoptimize (due to lack of advance information) or simply does not desire to reoptimize the route every day because it is either too expensive to do so or because it prefers regularity of service. The vehicle will then follow a predesigned tour every day and, on any given day, will simply skip the missing customers from the original tour. As an illustration of such a situation, one can think of the actual case of a postman who delivers mail according to a fixed assigned route. On any particular day, upon delivery at a given location, he checks what address has to be visited next on the regular route and proceeds accordingly. The problem is not a TSP anymore since the tour must be a "good" one (small routing cost) when all customers are present, but it must also remain "good" when some customers are skipped from the original set. We have no guarantee that an optimal TSP tour through all the potential points has this desirable property.
This simple observation suggests the formulation and analysis of the following generic problem: Consider a problem of routing through a set of n points.
On any given instance of the problem, only a subset consisting of k out of the n points (0 < k < n) must be visited, with the number k determined according to a known probability distribution. We wish to find a priori a tour through all n points. On any given instance of the problem, the k points present will then be visited in the same order as they appear in the a priori tour (see Figure 1 for an illustration). The problem of finding such an a priori tour, which is of minimum length in the expected value sense, is defined as a Probabilistic Traveling Salesman Problem (PTSP). The previous example of the postman can be modeled by considering the simplest possible version of this general framework. By calling p the probability that any particular address will require a visit on any given day (assuming independence between addresses and an equal p for all addresses), the number of addresses requiring a visit is a binomial random variable.
We have introduced and motivated the PTSP through examples in the context of routing problems (involving physical traveling). The generic model, as stated, can be of interest in any situation in which an a priori sequence of entities has to be found for which the relative order has to be preserved even when some of the entities are absent.
Let us mention some examples. In the area of job sequencing, consider the problem of loading n jobs on a machine in which a changeover cost is involved whenever a new job is loaded. With any given ordering of n jobs on the machine, we can then associate the sum of the changeover costs. (The problem of loading the jobs in order to minimize this total cost can be formulated as a TSP; see Gilmore and Gomory 1964.) A given ordering of the n jobs may also impose specific long-term requirements such as a set of tasks to be performed before and after the processing of the jobs on the machine (think of the organization of a firm preceding and following the processing of the jobs). Very often, these requirements are difficult to modify on a daily basis so that, if on a given day some jobs do not need to be processed, we nevertheless do not modify the relative ordering previously found. The PTSP is relevant in modeling such situations as well. Finally, in the area of warehouse operations, retrieval is commonly sequenced by simply visiting storage bins according to their bin number (see Bartholdi and Platzman 1988 for a discussion on this subject, as well as the consideration of spacefilling curves for obtaining "presequences"). The number of the bins can again be modeled as a PTSP problem.
After specifying the notation and the probabilistic assumptions to be used throughout the paper (Section 1), we will present several results obtained on the PTSP. In Section 2, we present the derivation of closed form expressions for computing efficiently the expected length of any given tour. In Section 3, we show through a simple example that the optimal TSP tour can be a very poor solution to the corresponding PTSP problem. In Section 4, we investigate the links between the TSP and PTSP problems and give properties of optimum PTSP tours. In the conclusion (Section 5), we mention some related results. N2 is the set of nodes that will not always require a visit for each instance of the problem; I N2 I = n.
Notation and Assumptions

Throughout this paper G = (N,
A
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We use the terms black nodes and white nodes for the elements of N, and N2, respectively.
We assume that given a probability distribution P on Q, the power set of N2; an outcome c defines the subset of white nodes that require a visit. We restrict P to be such that all outcomes of same cardinality have the same probability of occurring (for all , E Q for all w) E Q, I I I = I I) I POc , 1) = P($o2 ))D (#) If K is the random variable that represents the number of white nodes that require a visit we have
Hence, our probabilistic models can be specified equivalently by giving the probability P or the probability distribution of K. Note also that the restriction imposed on P implies that, given K = k, the k nodes are taken uniformly at random among the set of n nodes; any probability P satisfying (#) will then be said to be node-invariant (NI). One important specific example (hereafter named P,) is P,({0D = pk(1 -p)y-, with k = I (##) which corresponds to the case for which each white node has a probability p of being present, independently of the others; we then speak informally of a Bernouilli process with parameter p.
In Sections 2.1 and 3 we assume P = P; in all other sections we assume a general node-invariant probability.
For a given a priori tour t, the length L, covered in traversing the set of nodes actually present on each instance of the problem is a random variable. The general PTSP can then be stated as follows. The purpose of this section is to show that, with a node-invariant P, we can obtain these probabilities efficiently, but, more importantly, we can express E[L,] in terms of a set of well defined quantities, whose analysis (Section 4. 1) proves to be fundamental in deriving properties of optimum PTSP tours (Section 4.2).
Case of a Bernouilli Process
In this subsection we assume that P = P,, i.e., each white node is present with a probability p, independently of the others. 
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Four cases have to be considered to evaluate the probability of presence of this arc:
1. if at least one node among j + 1, ., j + r is a black node, the probability of presence is 0, otherwise; 2. if nodes j and j + r + 1 are white nodes, the probability is p'( 1 -p)'; 3. if nodes j or j + r + 1 is a black node, the probability is p(l -p)'; 4. if nodes j and j + r + 1 are black nodes, the probability is (1 -p)'.
For each case, the probability of presence does not depend on j but only on r, so that one can regroup arcs (j, j + r + 1) that belong to the same cases for a given r. The L'"),'s represent one way of regrouping arcs based on this idea; note, however, that cases 2, 3, and 4 do not correspond to each of the three terms in the expression on a one-to-one basis (see the Appendix for details).
For an intuitive understanding of these quantities, it is worth mentioning that when m = 0, L,') is the sum of n elements, each representing the distance from node j to its (r + 1 )th "successor" along the tour t. For m > 0, the definitions can be kept similar, once we introduce a "transformed" distance d,,?., which reflects the possibility of having black nodes (hence, never skipped) between node j and node j + r + 1 along the tour t.
Generalizations
Theorem 1 assumes that P = P, or, equivalently, that K is a binomial random variable. Under the nodeinvariant property, this result can be generalized to the case of a general discrete probability distribution for K. Expression 1 is still valid under this general setting if one replaces 2. One can define a broader class of probability distributions P for which E[L,] can efficiently be computed. The general property is that for any partition of N, into subsets A, B, C, one can easily compute the probability that A is in the subtour and B is not where C does not matter. Of course, with such a general P, we are no longer able to express E[L,] in terms of the L,,,, so that the results of Section 4 do not generally follow. 
The complexity of computing E[L,] (for a nodeinvariant P and by using (1) and (2)) is O(m + n2).
Using the TSP Solution to
Some Properties of Optimum PTSP Tours
The material covered in Section 4.1 turns out to be instrumental in deriving several interesting results concerning the PTSP. We present some of these here under the assumption of a general node-invariant probability P. 
